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A dynamical system will be called a system with alternation if its
operating conditions change periodically in such a way that the structure
of the system and the applied forces have one form on the interval 0 <

t < 7., and a different form on the interval <<, The process of
the alternation of these conditions is repeated with a period r = const,
which is called the period of alternation.

Among systems with alternation one can list pulse systems, continuous
control systems, electric systems with rectifiers, electromagnetic appa-
ratuses with saturation, and others [ 1-4 1.

To each of the intervals into which the period of alternation is di-
vided, there corresponds some system of differential equations with vari-
able coefficients, which change during a given period of alternation as
well as from one period to the next. With the aid of these systems of
equations it is possible to construct one system of differential equa-
tions with variable coefficients which is valid for any instant of time.
In many problems it is, however, advantageous to make use of the above-
mentioned alternating systems of differential equations, because the co-
efficients of these equations usually have a more simple form than those
of the single equation.

1. Equations of motion. For the study of a system with alterna-
tion it is advisable to go over from alternating systems of differential
equations to systems of finite difference equations which can be obtained
in the following way.

Let us begin the consideration of the motion at some instant of time
nr + ¢, where 0 < ¢ ¢ 7, while n is an arbitrary integer. During the
time interval nr + ¢ < t < n7r + r|, the motion is described by a system
of linear differential equations with variable coefficients
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2+ 2 bix(t)ze = ; (1) r=1....7) (1.1)

k=1

Here zj(j =1, ..., r) are phase coordinates of the system, the x.(t)
are given external forces. The system of scalar equations (1.1) can ﬂe
replaced by the matrix equation

z+b()z=z() (1.2)
(z=1[z] 0@ =bx@®] = =]z @)

The solution of the matrix equation (1.2) has the following form:

i

z(t) =L (t, nt + &) z (Rt 4 ¢) + S L (t, &) x (8) dg (1.3
nt4-¢

(L (4, &) = o (&) 7 (E))

Here o(t) is the fundamental matrix for the homogeneous matrix equa-
tion obtamed from (1.2) when z(t) = 0., The inverse of this matrix we de-
note by 6~ . The function L(t, &) = || L; jelt, &) || represents a matrix
weight functlon for the system of dlfferentlal equations (1.1).

In accordance with (1.3), the elements of the matrix z(t) have the

form

t)y= D Ly (¢, nt + €) z (nt - ¢) + \ DV Lok (2, B) zy (8) dE
k=1

=1, ...,r (1.4)

At the time when t = nr + 7, the phase coordinates z, will have the

form
z, (nt+ 1) = 2, Lok (nt 4+ v, nv + &) z; (nt + ¢) +
k=1
nt tty, r

20 Le(ne+ 1, B) me () dE (=1, ... 1) (1.5)

nt +e k=1

In the next time interval nr + r; < t < (n+ 1)r the motion of the
system will be described by the differential equations

z; -+ Z cin (8) 2 = 85 () (G=1,....,71) (1.6)
k=1
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The system of scalar equations (1.6) is equivalent to the matrix
equation

z+c®z=s(), (@ =]k O s =]s O (1.7)

The differential matrix equation (1.7) has the solution

{

2(8) = M (4, nt + ) z (nv + u) + S M@ E)sEdE (1.8

ntt 1y

Here M(t, &) = || M;,(t, £) ]| is a matrix weight function of the system
(1.6). The elements of the matrix z(t) are, by (1.8), equal to

{

5= 3 My (tne+ o)z (et )+ XM (68 @) d

p=

/| ~

—

nte 1y BT

G=1,...,71 (1.9)

At the end of the interval considered, i.e. at the instant of time
t = nr + r, the phase coordinates of the system will take on the values

zi{(n+ 1) 7= Z M, ((n+ 1) v,nt+ 1) 2z (v + 1) +
p=1
nse )t r
+ S SV M;, (n + 1) 7, 8) s, (8) dE G=1....rn  (1.10)

nt g b=l

Substituting the velues z (nr + r;) from (1.5) into (1.10), we reduce
these relations to the following form:

r

z; (n 4+ D 1) = 2 O My, (nH1) v, netv) Lok (nvt 7y, nr-tbe)zi (nte)+

h=1 p=1
r nttty r
+ D My v+ ) monrtm) |3 L (or + o 8) o () dE o+
b=l ntd-e k=1
(n—i:l)r r *
+ \ S My ((n+1) 78 s B)d  (=1...n0 (1.11)
n'r—‘}—-rllr*:l

On the time interval (n + 1)r < t < (n + 1)r + ¢, which ends at the
moment (n + 1)r + ¢ that differs from the initial time nr + ¢ by one
period of alternation, we have the differential equations (1.1). The

phase coordinates of the system will vary, in accordance with (1.4), in
the following way:
r

6= 2Lyt + 0I5+ DD+ | A8 5 E)
=1 (n+1= =1

(v=1,...,71) (1.12)
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At time t = (n + 1)r + € the phase coordinates z, take on the follow-
ing values:

s+ DT+ = DL+ r+e(+1)Dz(n+ D)+
(n+)t+e r

+ | YL@yt enn@a o=t 113

(n'r 1)z i1

By the substitution of z.((n + 1)7) from (1.11) into (1.13), these
relations can be reduced to the form

z, ((n+ 1) v+ ¢) + Z an® (nt -+ &) z; (nv + €) = X,* (ntv -+ )

k=1
O<esn v=1,..., r) (114)

where

an* (nt+8) = — 2 XL,;((n+1)1+e (n+1) 1) M, (n+1)t,nt -1) X
i=1 p=1

X Lyx (nt - 71, nv 4 &) (1.15)
X.* (nt 4+ ¢) = 2 DLy ((n+1) t+e (n+1) v Mi, (n+ )7, nt+ n)x

X SV Lok (% + 1, ) 2y (€) dE -

ntte A=1
r (n+1)t r
S Ly(n Dt @t D My ((r+ 1) 1, E)sa(E) dE +
j=1 ni41, P=1
(1t 1
+ | 2Lyt o @) d (1.16)
(nd1)x i=1

Let us now try to obtain for €, on the interval 7, < ¢ <7, relations
analogous to the relations (1.14).

On the time interval nr + € < t < (n + 1)r we have the differential
equations (1.6). In accordance with (1.9) the phase coordinates z, will
change in agreement with the law

2 (tont 4 e) z (nv+ &) + \ 2 My (4, B) s, (8) dE

nt +g k=1

w=1...,7) (1.17)
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At the time t = (n + 1)r the functions z#(t) take on the values

2, ((n + 1) 7) =k2 My ((n+ 1) 2, nt + &) 2, (nt + &) +
=1
(n ?‘-1)-. r

+ | I Muln+ s @A =t

nere k=1

On the adjoining time interval (n + 1)r < t < (n + 1)r + r we will
have the differential equations (1.1), and the change of the phase co-

ordinates will take place, in accordance with (1.4), by the following
law:

r

() = D Liy (t, (n 4+ 1) 7) z,((n + 1) 1) + \
(n +1)

r

DL (4, 8) 7, (B) 42

=1

p=1
(1.19)

At the moment t = (n + 1)r + 7, the values of the phase coordinates,
by (1.19) and (1.18), will be

z;((n+ 1) v+ u)

= Z Z Li(n+)r+m,(n+ 1)) My (n + 1) v, nt + &)z (nr+¢) -

r (n+1)r r
+ DL+ D+ m D) {2 M+ 1) 7 8) s )5+

P k=1
nT+ ¢
(n+1)s +75, 1
.

-+ \ L ((n+ 1) © + u, &) @, (5) dE (f=1,...,r) (1.20)
(m+nz =1

In the time interval (n+ 1)r + 7, < t < (n+ 1)r + ¢ we have the
differential equations (1.6), and the law of the change of the phase co-
ordinates is, in accordance with (1.9), the following:

zv(l)=2M\,j(If,(n-{—1)‘r—|—1.'1)2j((n+1)‘c+‘rl)+

1 r
+ S DM, E) s (8) dE wv=1,....r1)

(ny)Tey =1

(1.21)

At the instant t = (n + 1)r + ¢ the values of the functions z,(t)
are
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-

a(n+ )1 +e) = 2 My(n+1rte (n+1)r+n) g ((n 1)+ )+
(n41)v+¢ Jr—l

+ 2 Mi((n+ ) t4+e8)sE)d  =1...7

L, S (1.22)

Substituting the values zj ((n+ 1)r + ;) from (1.20) into (1.22),
these relations become

z, ((n + )r—i—s-}—Zah*" T+ )z (nT &) = X,¥* (nt + g)
=1
(1.23)
(m<eKr, v=1,..., r)
Here
ap* (ntde) = — N N Mi((n+1)t4+e (n+1) 1+ m)x

=1 p=1

XLy (m+ 1) v+ 7w, (n+1) 1) My ((n + 1) 7, nv + &) (1.24)

XV”‘*(nr-{—s:ZE +Dr+e (n+1) T+ m)X
e (n-H)' r
XLy ((n+ D r+m, (00 {2 M+ 17 8) si(€)ds +
ne k=1
r - (k=
+ M)t D rtm) | YLu(r s
i=1 na1)r =1
(n1)r4e 1 o
@®d+ | DMsln+DrtedsEd (1.25)
(n4D) sy I=1

Thus, in accordance with (1.14) and (1.23), we have the following dis-
played relations if ¢ lies in the interval 0 < ¢ < 7, which is equal to
the period of alternation:

zo{(n +1) v+ e + Eav,,. (nt+¢€) 2z (nv 4 ¢) = X, (nt + &) (1.26)
=
(10<e<1, v=1,...,r)

Here



1032 Ia.N. Roitenberg

e (n + ) = an* (v + &) 1 (1, — &) + au** (v + &) 1 (6 — )

(1.27)
X, (nt+e)=X*(nt+ el (ut+ —e + X*(nt+ el (e —nut)
(1.28)

0 whent <0

1= 1 whent>0

The relations (1.26) connect the values of the functions z,(v = 1,
.., r) and the instants of time nr + ¢ and (n + 1)r + €, which differ
from each other by one period of alternation. Here n is an arbitrary

integer, while the quantity ¢ can take on any value in the interval
0<e <.

The relations (1.26) are valid for any value of the argument

t=dt+e (8= %] (1.29)

where @ is the integer part of t/r. These relations can, therefore, be
rewritten in the form

LE+D+ Ra@®n@ =X  v=L....1n (130

k=1

The relations (1.30) represent difference equations describing the
given system with alternation.

In the solution of the system of difference equations (1.30) it is
necessary to give a law describing the solution functions z.(t) on the
time interval 0 < t < r. By setting n=¢€¢ = 0 in Expressions (1.4) and
(1.9), we find that in the interval 0 < t < r

z (t) = z* (1) (1.31)

where z* is a matrix whose elements have the form

r

O ={2[La 01 (n, =)+ 3 My () Lux (11.0)

k=1 p=1

tr
x4 (= )]z O +{ DLt B o (©) Bl (m, — 9 +

Ty T

+[2 Ma ) D Lk (m D2 () dE

p=1 o F=1
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¢ r

+{ 3 My @ajte—ulte—y =1 .n032)

A p=1

2. Solution of a system of linear difference equations
with variable coefficients. The system of scalar difference equa-
tions (1.30) is equivalent to the matrix equation

z(t+ ) +a@)z(t) =X ()

(@@ =lax O], X@O=1X,®)])
(2.1)

Let us denote by 6(t) the fundamental matrix for the homogeneous
matrix equation

z(+ 1) +a(®)z(@)=0

The columns of the matrix 6(t) will be linearly independent particular
solutions of this equation; the matrix 6(t) will therefore satisfy the
equation

0 (t+1)+a(@o (=0 (2.2)

The general solution of Equation (2.1) can be obtained by the method
of variations of arbitrary constants. For this purpose we write

2 () =6 (1) x (1) (2.3)

where x(t) is a column matrix to be determined. Substituting Expression

(2.3) into Equation (2.1), we obtain

B+ xC++a@®0@)x() =X

b+ x@FxC+n—x@O + @0 @Ox() =X 24

Taking into account the relation (2.2), one can reduce Equation (2.4)
to the form

6+ )Ay () =X@, or Ax(t) =010+ )X, (2.5

where 61 (t) is the inverse of the matrix 6(t). From (2.5) it follows
[5] that

9
¥ (1) = _2 01 (t+ vt —it) X (t — i)+ 4() (2.6)
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where, in accordance with (1.29), ¥ is the integer part of t/r, while
A(t) is a periodic function (of period r) to be determined.

Making use of the change i = O - j + 1 of the index of summation, we
transform Expression (2.6) to the form

K@) = N0t —Bv+ )X (t — Ot + jTr— 1) + A() 2.7)

i=1

Expression (2.3) will take on the form

z()= 20 ()01t —BrH )Xt —Vt+jr—1)+0@) A (28

j=1

In the interval 0 < t < r the first term on the right-hand side of
(2.8) will vanish. In order that the second term on the right-hand side
of (2.8) may, in accordance with {1.31), coincide with z*(t) in this
time interval, it is necessary to choose for the periodic function A(t)
the following function:

A () =071 (1 — B7) 2* (L — B) (2.9)

where z*(t) is a matrix whose elements are determined by Expressions

(1.32).

For such a choice of the periodic function A(t), Expression (2.8) will
take the form

z(t) =0 ()07 (¢t — O1) z* (¢ — O1) +
+ 2‘, 8 ()01 (t—9t + jOX(t —Ot+ /1t —1) (2.10)

Let us introduce the function
N jo=0@®6t{t—=9or-+j1) (2.11)

which represents a matrix weight function of the considered system of
difference equations.

Expression (2.10) can be represented as
s

2(®) =N 0)z*(t—8)+ QN jO Xt —01 + jr—1) (2.42)
i=1

The elements of the matrix z(t¢) will have the form



Theory of systems with alternation 1035

2s (1) = X Nult, 0) z* (t — 97) +

k=1
AN
T

k

Ng(t,j0) X (t — 0t 4 jT1 — 1) (s=1,...,r) (2.13)

r

e

1

H
-
N

Expressions (2.13) represent the solution of the matrix difference
equation (2.1) which coincides with the given matrix z*(t) in the inter-
val 0 < t < r.

3. Determination of the weight function for a system of
difference equations. The determination of the fundamental matrix
0(t), which is needed for the construction of the weight function N(t,
jr), is a quite difficult problem. For fixed values of the argument
t = t;, the weight function N(t;, jr) can be constructed with the aid of
the solution of the adjoint system of difference equations, as will be
shown below.

At the instant of time t = t; the solution functions zs(t) have, in
accordance with (2.13), the following values:

2 (1) = 2y Na (1, 0) 2 (1 — 917) +
k=1
r 4,

42 D N, 1) X (1 — it + jT — 1) (s=1,...,71) (3.1)

k=1 i=1

Expression (3.1) contains the functions N ;(t,, jr) which are the
elements of the matrix weight function for a fixed value of the argument,

t = t;. In order to determine them, let us consider the adjoint matrix
equation

Z@® +ar(®)Z@+ 1) =0 (3.2)

Here az{(t) is the transposed matrix of the matrix a(t).

The matrix equation (3.2) is equivalent to the following system of
scalar equations:

Zi()+ e W Zt+ 1) =0 (k="1,...,7) (3.3)
1=1
Multiplying the pth equation {(p = 1, ..., r) of the original system

of difference equations (2.1)



1036 Ia.N. Roitenberg

%U+ﬂ+§w@mm=&m

by Zp(t + 7), and the vth equation (v = 1, ..., r) of the system (3.3)
by z,(t), and adding the terms of the equations thus obtained, we derive
the following relation:

AN Zi (@) ()= 2 Zi (¢t + ) X (1) (3.4)

k=1 k=1

From the relation (3.4) it follows that
r ) r
2z, z,\(t=Z,EZk(t—f—r—ir)Xk(t—ir)+B(t) (3.5)
k=1 i=1 k=1

where B(t) is a periodic function to be determined.

Changing, as was done above, the summation index i by means of the
formula i = 9~ j + 1, we transform the relation (3.5) to the form

)

7_ zk(z=>_‘,sz(z—ﬁ»r+,‘r)Xka—ﬁr+jr_r)+B(t)
- o (3.6)

In the interval 0 < t < 7 the first term on the right-hand side of
the relation (3.6) vanishes. In order that the second term on the right
of Equation (3.6) may coincide with the left-hand side of (3.6) in this
interval, it is necessary to select the periodic function B(t) in the
following way:

B (1) = ZZ,‘ (t — 81) z* (1 — §7) (3.7)

k=1

where Z,*(t) is a matrix which is defined only on the interval 0 < t < r
and coincides in this interval with the matrix Z(t). It is obvious that
for the possibility of the construction of a solution of the adjoint
matrix equation (3.2), it is necessary to know in advance the solution
matrix Z(t¢) in the interval 0 < ¢t < r.

3

It may turn out that it is necessary, as in the case below, to give
in advance the matrix Z(t) not on the initial time interval (0, r) but
on a different interval (jr,(j + 1)7). Because of the difference equa-
tions (3.3) such a specification determines the matrix Z(t) uniquely on
the initial interval (0, 7).
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Substituting Expression (3.7) for B(t) into (3.6), we obtain

20 Z (0) 7k (8) = D) Zy* (¢ — 97) 2% (t — B7) +

fi=1 k=1

r 4
N DV Z(t — Ot 4 ) X (t — O+ jr — ) (3.8)

k=1 j=1

In accordance with what was said above, Z,(t) = Z,*(t) when 0< ¢t < 7.
Hence, one may omit the asterisk on Z,* in the relation (3.8).

For the fixed moment ¢ = t, the relation (3.8) will take the form

2 Zy (ll) 25 (l;) = 2 Zy (tl — 1(}117) 2% (tl — 'l()l‘t') +
k=1 k=1
r 8y

+ DN Z (o — Oiv + J) Xy (b — B+ — 1) (3.9)

k=1 j=1

The functions Z,(t) are solutions of the system of linear difference
equations (3.3). Let us require that these solutions satisfy also the
conditions

Zo) =1,Z, () =0  (w=1....s—L s+, (3.40)

for every value of t on the interval 17 < ¢t < (J1+ 1)r.
Under the conditions (3.10), the relation (3.9) takes on the form
r
zo (1) = 0\ Zy (tr — O17) 2% (b — Oy7) +

k=1
8,

4 20 Zk (= v+ j1) Xy (b — Bt + jr — ) (3.11)

where the index s is fixed.

Comparing Expressions (3.11) and (3.1), one can see [6 ] that for a
fixed s

Ny (ly, j1) = Zy (L — it + 1) (h=1,..., r) (3.12)
the matrices Z, are solutions of the adjoint system of difference equa-

tions (3.3) which satisfy the conditions (3.10) at any time t in the
interval $ir < t < (G1+ 1)r,
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4. Application of difference equations with a discrete
argument. Setting € = 0 in the difference equations (1.26), we obtain

B+ DY+ Daw)a @) =X (9 (20000 G
k=1

v=1,...,r

In accordance with (1.15) and (1.16) we now have

ay (n7) = — 2 M, ((n + 1) v, nt + ) Ly (n7 4 11, 07) (4.2)
p=1
X, (n9) = 2 M ((n+ 17 nt+w) | 2 L (ne+ m, B @i (8) dE -+
»=t nt k=1
n+i)r r
+ § IMur+ 058 @a (4.3)

nt+ v, B=1

The relations (4.3) connect the values of the solution functions
z,(v =1, ..., r) at the time instances nr and (n + 1) (n is an arbi-
trary integer). These instances represent the initial moments of time
for two successive periods of alternation. These relations, which are
valid for integer values n, represent difference equations with discrete
arguments. Thus, the solutions of Equations (4.1) determine sequences of
values of the phase coordinates z, at discrete points, which are the
boundaries of the periods of alternation, i.e. the instants of time t =
nr(n=1, 2, ...). These solutions can be obtained by the method given in
Sections 2 and 3, by replacing (4.1) by the system of difference equations

AU+ D e Ba@=X2@) =tL..n (4
k=1

where a,,°(t) and X,°(t) are step functions, which for 9 r < t < (9+ 1)r
retain the values a,,(07) and X,(9r), respectively. Here, just as above
in (1.29), we denote by ¥ the integer part of t/r. The solution of Equa-

tions (4.4) for values of t that are multiples of the alternation period

r 1is given, in accordance with (2.13), by

r r 8
z, (87) = 3 Nu@, 0) 2 (0) + 3 2 Ny (97, jv) Xy (jr — 1)
k=1 k=1 j=1

v=1,...,7) (4.5)

In some cases, in particular, when (1.1) and (1.6) represent systems
of differential equations with constant coefficients, the finding of
Expressions (4.5) does not present any difficulties.
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During the time interval 9 r < t < (¥+ 1)r the phase coordinates z,
will change because of (1.4) and (1.9), in accordance with the law

z, (1) = %% (8) (4.6)
where .
2,7 (1) = {2 | Lo (¢, 01) 1 (01 - 1+ — B) -
k=1

S Moy (6,97 1) Ly (97 - 1, 91) 1 (8 — 01 — 1 )] 24 (87) -

p=1
[
A\ S Lt B @) de 1 (92T, 1)
8= k==1
r 0-."’.-., -
+ [Z Mvp(t,l‘}l’-}—‘l'l) \ }1 L;A,/{ (‘()r 7% Tl: E) Iy (E) ([g '—:‘
=1 \‘)". k- -1
¢ -

% EMW(I,;;).s-l,,@)dg] 1([—1‘)r—rl+)} =1, . (47

97 pnp=1

From (4.5) and (4.6) it follows that for any time t the values of the
phase coordinates will be

2, (t) = 2, (07) + 2 () (1 — 01 Y)— 1 (¢ — VT —1=)]  (v=1..,r (48)

5. Alternating systems of linear differential equations
with constant coefficients. In this case the matrix weight func-
tions of the systems of differential equations (1.1) and (1.4) take on
the form

L(t,E) = L(t—¥), M (1,8) = M (t —8) (1)

The coefficients a,,(nr + ¢) of the difference equations (1.26), which
are determined by means of Expressions (1.27), (1.15) and (1.24), are
transformed in accordance with (5.1) into the form

r r

Wt 4-g) == — 2 ) Loj(e) M (1) Lok (tu — &) L (1), — &) —

j==1 p—=1
r r

— S DV ML (e — ) Lin () Moy (t— )1 (e — 1, )
=1l v,
(a=1,2,...; 0<e) (0.2)

where

T, =T—T (5.3)
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It follows from (5.2) that for any value of t = Ur + ¢ where, in
accordance with (1.29), & is the integer part of t/r, and ¢ lies in the
interval 0 < € < r, the functions a,, satisfy the condition a,,(t + r) =

ayk(t)-

Thus, for alternating systems of linear differential equations with
constant coefficients, the coefficients a,,(t) of the difference equa-
tions (1.30) are periodic functions of time with a period equal to the
period of alternation r.

The functions X,(t) on the right-hand sides of the difference equa-
tions (1.30) take on the form

X,)=X @t-+e)l(t 4+ —e) - X, *(@r+e)l(e—1,L)  (5.4)

where, in accordance with (1.16) and (1.25)

X.,*({)r—{—e):i jL &) M, (ts) §2 T — 0) ay (97 = 0) dL --
j=1 =1 € k=1
S L@ S M — 9 v+ D+

= 2y amt

&'t 2 V(T8 —0) 25 (9T 42 de (5.5)
X @t e =SS Moy (e — 1) Liy (1) \,.2 My (x— 1) s, (97 + 0 dL +
=1p=1 £ k=1
Z_ M,;(e — \ 2[‘“ 8) %, (91 4+ v+ 8)dl +

LS 2 M,j(e —C)s; (91T 1) dg (5-6)

% i=t

The difference equations with a discrete argument (4.1) will in this
case be equations with constant coefficients. Indeed, settinge = 0 in
Expressions (5.2), we obtain

r
a‘/l{(nr) = Ay, Ay = — Z Mvp,(rg) LpJ\' (Tl) (57)

p=1

Setting ¢ = 0 in (5.4), we obtain the following expressions for the
functions X,(nr), which enter into the right-hand sides of the differ-
ence equations (4.1):
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T — &) ax(nt + §)di+

(nT) 2 M,, (t,) \
ok

HFA*

»=1
+ S Mo (v — L) s, (07 + D) (5.8)
T =1
We note that in the particular case when x,(t) (k=1, ..., r) and

s, (t) (0 =1, ..., r) are step functions which preserve their values on
tﬁe 1ntervals (nr, nr + 7)) and (nr + r, (n+ 1)r), respectively, the
functions X;(nr), in accordance with (5.8), take on the form

r

X, (n1) = 2 levk 2k (RT) + LSk (RT + 11)] v=1,...,r) (5.9)

where e, and l,, are some constant coefficients determined by the
following expressions:
r i : )
ew= S Mu(w) \ Lyt — 0, Lu= \Mu(t—0dl (5.10)
0 <

=1 1

The functions z,**(t) which determine the law of change of the phase
coordinates in the time interval $r< t < (9+ 1), will be, in accord-
ance with (4.7) and (5.1), of the following form:

2% (07 + &) = 20 1L () 1 (ra. — &) +
h=1

A -

+ MVp, (8 - T]) LHA‘ (Tl) l (S - Tl+ )] Zk (61) 'IT

1
r

n

F\D Lu(e =)z (9T + L) dL 1 (1, —e) -

]
k=1

+[Z M,, (e — 1,)

p=1

Seat ||

l

SYS

S Lok (r— ) (87 + 8 5 -
k=1

+\' S Mo (e — 05, (87 + 0) dg]1(e—rl+) (vel...r (51

1 =1

6. On the problem of the determination of the position of
a system with alternation in a phase space on the basis of
the deviations of one of the phase coordinates. In many auto-
matic control systems the optimal algorithm of control is realized on
the basis of the information regarding the instantaneous position of the
control system in the phase space [7,8 ].
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It is frequently difficult to obtain such information because of the
unavailability of the measurements of some phase coordinate, and at
times because of the absence of knowledge regarding the position of the
orientation system relative to which the position of the control system
is to be determined.

In this connection there arises the necessity of the development of
indirect methods for obtaining information on the position of the control
system in the phase space [9 ]. Let us pass to the presentation of one
such method for a system with alternation.

It follows from (2.13) that at the instant t = Or , where U is some
integer, the phase coordinate z,, takes on the following value:

r

25 (91) = D) Ny (91, 0) 2 2 2 & (07, jOXi(t—1) (6.1

k=1

Let us suppose that the phase coordinate z_ can be measured. Assuming
that the initial reading is not known, we measure the deviation of the
phase coordinate z_ from some arbitrarily chosen origin

S (037) = S* + 2, (Hi1) (i=1,...,r4+1) (6.2)

Here S* is the deviation of the new reading origin from the initial
reading origin. Denoting by LP- the difference between two successive
measurements

S (B 17) — S (Bur) = L, m=1,....r (6.3)

we obtain the following relations:
25 (O, 1T) — 25 (Bu1) = Ly (w=1,....7) (6.4)

which do not contain the unknown quantity S*

Substituting the values z (ﬁp 17) and 2z (1‘) 7) in accordance with
(6.1), we obtain a system of llnear algebra1c equatlons in the initial
deviations zk(O)

Z [NV (Oyp 17, 0) — NV, (ﬁpffy 0)12x (0) = (h=1...,7) (6-5)
k=1
9 ro S
— L+ 3 S Va9 X e — 1 ) 3 N, i, 79 X (1=
k=1 j=1 k=1 j=1

With Equations (6.5) one can determine the initial values of the
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phase coordinates z,(0) (k =1, ..., r), after which one can, with the
aid of Formulas (2.13), determine the values of the phase coordinates
z,(t) (w=1, ..., r) for any time t.
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